We present necessary and sufficient conditions for boundedness and compactness of Hardy operator (1.4) with kernel (1.3) for 1 < p ≤ q < ∞. MSC: Primary 26D10; 26D15; secondary 47B07; 47B34; 47B38
Introduction
First, let us recall that the weighted Lebesgue space L r (w), with r ≥  and w a weight function on (, ∞), is defined as a set of all functions f = f (x) such that ∞  f (x) r w(x) dx < ∞.
We will investigate the Hardy-type inequality
with  < p, q < ∞ and u, v weight functions on (, ∞). This inequality was investigated by many authors. For k(x, t) ≡ , we obtain the 'classical' Hardy inequality (see [] ) and also several more general kernels (see [, ] 
and we want to find conditions on the weight functions u, v and on the functions a i , b i , for which the integral operator
Remark . The case of kernel (.) with special functions b i (t) = t i- was investigated by Rychkov [] for p = q = . Such kernels appear for general p, q by the investigation of higher-order Hardy inequalities; see [] . Now, let us denote, for given a i , b i , u and v,
Then we can rewrite inequality (.) [for functions f ] as the unweighted inequality
, and we can rewrite (.) as
which is in fact the classical (weighted) Hardy inequality 
It follows from (.) that we need the integrability of |A(x)| q on (z, ∞) and of
[where we denote by L r (α, β) the classical Lebesgue spaces of functions defined on (α, β)].
In accordance with this remark, we suppose throughout the paper that the functions
for all z >  and i = , , . . . , m.
Sufficient conditions
For p >  and u, v weight functions on (, ∞), let us define
Remark . Let us recall that the condition
is necessary and sufficient for the validity of the classical Hardy inequality (.) for p ≤ q.
It is easy to find a sufficient condition for (.) to hold, if we consider the 'partial' operators 
Proof Conditions (.) guarantee the validity of the Hardy inequality
for functions g; if we take g(t) = f (t)b i (t), we can rewrite the foregoing Hardy inequality as
Now, using (.), the Minkowski and the last inequality, we obtain
i.e., we have derived inequality (.). 
Remark . Let us mention that the expression

Necessary conditions
First let us introduce some auxiliary notions.
Definition . We will say that the system (matrix) {D i,j } 
(ii) A sufficient condition for the ellipticity to be satisfied is
To find necessary conditions for (.) to hold, we consider three cases.
(I) The case p = ,  < q < ∞. Denote for this case
Theorem . Let p =  and  < q < ∞. Then the following condition for t ∈ (, z) and i = , , . . . , m. Using this we rewrite the kernel in (.) in the form
and using the orthogonality of the system {B i,z } n i= , we estimate the left-hand side of (.) as
This estimate together with (.) implies
Using the Minkowski inequality, we estimate A *
 (z) in the form
Since z >  is arbitrary and inequality (.) (i.e., inequality (.)) holds, we conclude that C is finite and we get (.).
Moreover, we can show that condition (.) is also necessary if we add some assumptions. For this purpose, denote
where
Definition . We say that the condition E  is satisfied if there exists a constant C E such that for every z >  the system {D i,j (z)} m i,j= satisfies the ellipticity condition.
Theorem . Let p =  and  < q < ∞. Suppose that the system
Proof Using Theorem ., formula (.), the condition E  and the Minkowski inequality, we obtain
for arbitrary i :  ≤ i ≤ m. Consequently, from (.) and (.), we get (.). The theorem is proved.
(II) The case  < p < ,  < q < ∞. Let us denote
Definition . We will say that the condition E p is satisfied if there exists a constant C E >  such that for every z >  the system {D 
and choose the following test function in (.) as
then the left-and right-hand sides are estimated in the forms:
. Using (.) we rewrite the kernelK j (x, t) in the form
where A 
